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Binarization Parity Glueing Results Bad news

Binarization

Reformulating integer variables with binary ones:

§ Consider an integer variable z P t0, 1, . . . , n ´ 1, nu.

§ Idea: Write z as the projection of some 0{1-polytope.

§ Goals: Cutting planes or modeling (e.g., to exclude holes in the domain)

§ Variants:

k :“ tlog2pnqu, x P t0, 1uk , ; z “
k
ÿ

i“0

2ixi (1)

1 ě x1 ě x2 ě . . . ě xn´1 ě xn ě 0, x P t0, 1un , ; z “
n
ÿ

k“1

xk (2)

§ Variant (1) is more compact, but yields a weaker relaxation.

§ Today: focus on (2): Let X n
ord be the set of x with (2).
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Binarization Parity Glueing Results Bad news

Application: Graphic TSP

§ Input: Graph G “ pV ,Eq
§ Output: Minimum length closed walk visiting each node (at least once).

§ Can be solved as TSP with O
`

|V |2
˘

variables (via metric closure).
§ With only O p|E | ` |V |q variables:

min zpEq (3)

s.t. zpδpSqq ě 2 for all H ‰ S Ř V (4)

ze ě 0 for all e P E (5)

zpδpvqq“ 2yv for all v P V (6)

yv P Z for all v P V (7)

ze P Z for all e P E (8)
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Binarization Parity Glueing Results Bad news

Binarization meets Parity

Ordered binary vectors:

§ X n
ord: set of all binary vectors x of length n of type p1, . . . , 1, 0, . . . , 0q.

§ Pn
ord :“ convpX n

ordq is described by 1 ě x1 ě x2 ě . . . ě xn´1 ě xn ě 0.

With (even) parity constraint:

§ Consider k “blocks” of binarization variables, i ’th one having length ri .

§ P r
even :“ conv

#

pxp1q, . . . , xpkqq P X r1
ord ˆ . . .ˆ X rk

ord |
k
ř

i“1

ri
ř

j“1

xpiqj even

+

§ Note: Convexification of pz1, . . . , zkq with even
řk

i“1 zi does not work:

1 P conv t0, 2u
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Binarization Parity Glueing Results Bad news

Parity

Jeroslow, 1975: P1

even is described by O ď x ď 1 and
ÿ

iPrnszF

xi `
ÿ

iPF

p1´ xi q ě 1 for all F Ď rns with |F | odd.

Observation 1: For X n
ord, parity can be measured with a linear function f :

f pxq :“ x1´ x2` x3´ x4` . . .¯ xn´1˘ xn

p0, 0, 0, 0, . . ., 0, 0q ; 0

p1, 0, 0, 0, . . ., 0, 0q ; 1

p1, 1, 0, 0, . . ., 0, 0q ; 0

p1, 1, 1, 0, . . ., 0, 0q ; 1

...
...

Observation 2: 0{1-polytopes can be glued together at a single coordinate.

Main idea: Extend each binarization block with parity bit f pxq and glue all of
them together at these bits.
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Binarization Parity Glueing Results Bad news

Glueing at a single coordinate

Observation 2 more pictorically:

0

0

x λ y λ P r0, 1s

integral

integral

ñ intersection integral

Observation 2 more formally: Let X0,X1 Ď Rm and Y0,Y1 Ď Rn be finite
sets. Then

conv ppX0 ˆ t0u ˆ Y0q Y pX1 ˆ t1u ˆ Y1qq

is equal to the intersection of

conv ppX0 ˆ t0uq Y pX1 ˆ t1uqq ˆ Rn

and
Rm
ˆ conv ppt0u ˆ Y0q Y pt1u ˆ Y1qq .

Proof: Convex multipliers in dimension 1 are unique.
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Binarization Parity Glueing Results Bad news

Result for Description

Reminder:

§ X n
ord: binary vectors x of length n of type p1, . . . , 1, 0, . . . , 0q.

§ f pxq :“ x1 ´ x2 ` x3 ´ x4 . . . measures parity if x P X n
ord.

§ P r
even :“ conv

#

pxp1q, . . . , xpkqq P X r1
ord ˆ . . .ˆ X rk

ord |
k
ř

i“1

ri
ř

j“1

xpiqj even

+

Theorem: Let r P Nk . Then P r
even is described by

§ 1 ě x iq
1 ě xpiq2 ě . . . ě xpiqri ě 0 for each i P rks.

§
ř

iPrkszF

f pxpiqq `
ř

iPF

p1´ f pxpiqqq ě 1 for all F Ď rks with |F | odd.

Proof:

§ Add parity variables for each block: pxp1q, y1, x
p2q, y2, . . . , x

pkq, ykq.

§ Isomorphism via yi :“ f pxpiqq (by linearity of f ).

§ Enforce parity polytope constraints on y -variables.

§ Interaction of blocks with these is limited to the single y -variable per
block.

§ Apply Observation 2 (glueing trick).
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Binarization Parity Glueing Results Bad news

Separation Problem / Odd parities

Separation problem:

§ Given px̂p1q, . . . , x̂pkqq P X r1
ord ˆ . . .ˆ X rk

ord, is there an F Ď rks with |F | odd
and

ÿ

iPrkszF

f px̂piqq `
ÿ

iPF

p1´ f px̂piqqq ă 1?

§ Easy: Compute ŷi :“ f px̂q for all i P rks and call (linear-time) parity
polytope separation.

Odd parities:

§ P r
odd is projection of face of P r 1

even for r 1 “ pr1, . . . , rk , 1q with xpk`1q
“ 1.

§ Similar result (|F | even), obtained by projecting (Fourier-Motzkin).
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Binarization Parity Glueing Results Bad news

Extended Formulations

. . .
s t

i “ 1 i “ 2 i “ 3 i “ n ´ 1 i “ n
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Extended Formulations

. . .
s t

i “ 1 i “ 2 i “ 3 i “ n ´ 1 i “ n

pi ´ 1, 0q

pi ´ 1, 1q

pi , 0q

pi , 1q

ri “ 1: xpiq1 “
ř

yp q
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Binarization Parity Glueing Results Bad news

Extended Formulations

. . .
s t

i “ 1 i “ 2 i “ 3 i “ n ´ 1 i “ n

pi ´ 1, 0q

pi ´ 1, 1q

pi , 0q

pi , 1q

ri “ 3:

xpiq3 “
ř

yp q

xpiq2 “
ř

yp q ` xpiq3

xpiq1 “
ř

yp q ` xpiq2
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Binarization Parity Glueing Results Bad news

Back to Graphic TSP

§ Input: Graph G “ pV ,Eq

§ Output: Minimum length closed walk visiting each node (at least once).

§ Every feasible solution intersects every cut in an even number of edges.

§ Generalized T -join inequality:
ÿ

ePδpSqzF

f pxeq `
ÿ

ePδpSqXF

p1´ f pxeqq ě 1

for all H ‰ S Ř V and all F Ď δpSq with |S | odd.

§ Separation algorithm by Letchford, Reinelt & Theis can be reused.
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Binarization Parity Glueing Results Bad news

Bad news

Observations:

§ In practice, lots of cuts are separated, but no bound improvement over
subtour inequalities!

§ Characteristic property: Parity constraint is the only one that depends on
binary variables. Remaining inequalities can be formulated in integer
variables.

Idea:

§ We fix the integer variables z P r0, 2sE .

§ Try to modify x P r0, 1sEˆt1,2u such that it satisfies all parity constraints?

ÿ

ePδpSqzF

f pxeq `
ÿ

ePδpSqXF

p1´ f pxeqq ě 1

§ Try to modify such that f pxeq and 1´ f pxeq are large enough, i.e.,
f pxeq «

1
2
.
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Binarization Parity Glueing Results Bad news

Betraying with fractional solutions

Setup:

§ Consider (integer) variable z P r0, r s and

§ the binarization z “
řr

i“1 xi with 1 ě x1 ě x2 ě . . . ě xr ě 0.

§ We fix z but allow changes to x1, . . . , xr .

Auxiliary problem:

min |f pxq ´ 1
2
| subject to x P P r

ord and
r
ÿ

i“1

xi “ z (9)

Lemma: The optimal value of (9) is

$

’

&

’

%

z if z ď 1
2

r ´ z if z ě r ´ 1
2

1
2

otherwise

.

Consequence:

§ Satisfied if only two variables participating in the parity constraint are 1
2

away from their respective bounds.
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Binarization Parity Glueing Results Bad news

Not useful at all!

§ Parity is wrong: odd number of cut edges used.

§ But: All edge variables are 1 P r0, 2s, so lemma from previous slide applies!

What did we learn:

§ Complete description of binarization plus parity constraint.

§ Not useful to binarize in order to add parity constraints!

Thank you for your attention!
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